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Modal Expansion of Structural Systems with Time Delays

B. Yang* and X. Wu'
University of Southern California, Los Angeles, California 90089-1453

Conventional modal analyses are not applicable to structural systems with time delays because time delays
destroy any possible orthogonality among system eigenvectors. A new series solution method is proposed for
transient response analysis of a class of delayed linear structural systems. In this method, inverse Laplace transform
is combined with a root locus sensitivity analysis, leading to a relation between the transfer function residues and
eigensolutions of the delayed system. With this relation, closed-form time-domain response can be accurately
and efficiently estimated in series of eigenvectors, without involving transfer function singularities and s-domain
integration, which are usually encountered in inverse Laplace transform. The proposed method is illustrated on a
gyroscopic dynamic system under delayed feedback control.

Nomenclature
H(1) = Green’s function
H(s) = transfer function
T, = time delay
U, vy = system eigenvectors
Z(s) = impedance matrix
Ak = system eigenvalue
wi(s) = impedance eigenvalue
Oy = root locus sensitivity coefficient

@;(s),¢;(s) =impedance eigenvectors

I. Introduction

ODAL expansionor eigenfunctionexpansionis a widely used

tool in engineering analysis. Since Rayleigh' pioneered it
for classical conservative systems, modal analysis has been exten-
sively studied for various dynamic systems. Caughey and O’ Kelly?
decoupled the equations of motion of proportionally damped sys-
tems using real matrices formed by the corresponding undamped
eigenvectors. Foss® presented a complex-valued modal analysis for
nonproportionally damped systems. Meirovitch* obtained a sta-
tionary principle for the eigenvalue problem of rotating structures.
Huseyin® and Meirovitch® used complex state-spaceeigenvectorsto
give modal series solutions for general nonself-adjointmechanical
systems. Inman’ and Inman and Olsen® examined similarity trans-
formationsfor eigenfunctionexpansionsof asymmetric lumped and
distributed parameter systems. Yang® studied eigenfunctionexpan-
sion of constrained/combined damped systems by using the eigen-
solutions of the original equations of motion. More recently, Yang
and Xu'® found modal series solutions of one-dimensional non-
self-adjointdistributeddynamic systems with eigenvalue-dependent
boundary conditions.

This work is concerned with modal series solutions for structural
systems with time delays. Time delays may be encountered in ma-
chines with hydraulicand pneumaticcomponentsor with transporta-
tion lags,!! systems under digital controls where the execution of
numerical operations takes time,'? and active vibration controllers
with time delay parameters purposely introduced as part of con-
trol mechanisms.!*:# The time delays in those systems destroy any
possibleorthogonalityrelationsamong system eigenvectors.Hence,
existing modal analysis techniques are invalid for closed-form esti-
mation of the response of delayed structural systems.

In this paper,a modal expansionfor a class of delayedlinear struc-
tural systems is proposed. The method, called the Z-prime method
(ZPM), is developed through combination of inverse Laplace trans-
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form with a root locus sensitivity analysis. The major thrust of
the method is to establish a relation between the transfer func-
tion residues and eigensolutions of the delayed system. With this
relation, closed-form transient response can be practically and ac-
curately estimated in series of eigenvectors, without involving in
transfer function singularities and s-domain integration, which are
usually encountered in inverse Laplace transform. Unlike existing
modal analysis techniques, the ZPM does not depend on any or-
thogonality relations.

II. Statement of Problem

The structural systemin considerationis an n-degree-of-freedom
(n-DOF) dynamic system governed by the delay differential
equation

d2
(A@

with the initial conditions

+ 4,

d d
X + Ao))’(f) + (EIE + Eo))’(f =T =f) (D)

¥(0) = ay, iy(O) = by (@)
dr

wherey(t) and f(¢) (€R") are the vectorsof generalizedcoordinates
and external disturbances, respectively, and a, and b, are given ini-
tial disturbance vectors. The constant matrices Ay € R"*" charac-
terize the physical properties of the system such as inertia, Coriolis
acceleration,damping, and stiffness >-¢ The nonnegative 7, is a time
delay parameter, and E; are n X n constant matrices.

Existing modal analysistechniquesare not capable of obtaininga
closed-formsolutionfor such a delayed system. To see this, consider
the eigenvalue problem associated with Eq. (1),

(A2> + An+ Ag)u + e M "(Ejh + Eg)u =0 3)
where A and u are the eigenvalue and corresponding eigenvector,
respectively.Because of the time delay, an orthogonalityrelation for
the eigensolutionsof Eq. (3)is difficultto find. As such,conventional
modal analysesfail to decouple Eq. (1). In practice,Eq. (1) is solved
by approximate methods, such as direct time-integrationprocedures
and finite difference methods."!

On the other hand, the solution to Eq. (1) in theory can be ex-
pressedby Laplace transformwithout the need for orthogonaleigen-
solutions. To this end, take the Laplace transform of Eq. (1),

Z()j(s) = () + £1(5) “)
where the caretindicates Laplace transformationand the n X n com-
plex matrix Z(s) is defined as the impedance matrix of the system
and is given by

Z(s) = Ars> + Ais + Ay + (E1s + Eg) e 148 (5)
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and the Vectorf, (s) is related to the initial disturbancesby f, (s)=
(Ays + Ay)ag + Axby. By inverse Laplace transform, the time-
domain response is obtained as

y(0) = LHE)(f) + f,0))] (6)
where
H(s)=Z"(s) @)

is the system transfer function. Although Eq. (6) symbolically rep-
resents an exactsolution, its utility in numerical simulation of struc-
tural systems of many DOFs is limited. Because the transferfunction
H (s) for such a system is often obtained numerically from matrix
inversion, which becomes singular at its poles (the system eigen-
values), accurate estimation of the system response by Eq. (6) is
impractical, if not impossible.

The objective of the current investigation is to develop a closed-
form series solution method for the delayed structural system (1)
subjectto arbitrary external and initial disturbances.

1. ZPM

In the proposed ZPM, a closed-form series solution of Eq. (1) is
obtained from inverse Laplace transform. A major development is
to establish a relation between the transfer function residues and
eigensolutions of the structural system. This relation transforms
the inverse Laplace transform process into determination of sys-
tem eigensolutions. Many methods for accurate evaluation of the
eigensolutionsof structural systems are available, see Ref. 6, for in-
stance. The closed-form series solution then can be systematically
and accurately determined, without the need for orthogonal eigen-
solutions. The proposed method is named ZPM after a differential
operation on the impedance Z(s) defined in Eq. (5).

For the convenience of subsequent analysis, Eq. (6) is rewritten
as

dH (1)

y) = / H(t — 1) f(r)dr + H(1)(Aag + Azby) + Azao
0

®)

where convolution integral and the initial conditions (2) have been
used and Green’s function H (¢) is the inverse Laplace transform of
the system transfer function

H(t)=L'[H()]=L"1Z7 ()] ©))

Given a specific system, if its Green’s function is known, its time-
domain response to arbitrary external and initial disturbances is
completely determined by Green’s function formula, Eq. (8).

Eigenvalue Problems

In this study, Green’s function in Eq. (8) is obtained in closed-
form modal series. To this end, two sets of eigenvalue problems are
defined. The firstsetis the associateand adjointeigenvalueproblems
(EVPs) of the original governing equation, Eq. (1).

EVP1:

ZOu, =0, k=1,2,... (10a)

EVPla:

ZT ), = 0, k=1,2,... (10b)

where the eigenvalues A, are the roots of the characteristicequation
det[Z(s)] =0 (11

and Z7 is the transposeof Z. The A, are also the poles of the transfer
function H (s). Because of the time delay, thereis an infinite number
of eigenvalues although the system has a finite number of DOFs.
Among the infinite eigenvalues, 2n are related to the n modes of
vibration of the structural system; the rest are induced by the time
delay."”

Now, define the second set of EVPs. Given a value of the complex
parameter s, the associateand adjoint EVPs of the impedance matrix
Z(s) are as follows:

EVP2:
Z(5)g;(s) = 11;(5)9;(s),
EVP2a:
ZT () (s) = 1 ()9, (9),

where the eigenvalues p;(s) are the roots of the characteristic
equation

ji=1,2,....n (12a)

j=1,2,....,n  (12b)

det[Z(s) — ul] =0 (13)

The symbols 1 (s), @;(s), and 1, (s) indicate the dependence of
the eigensolutionson the value of s. Because s is fixed, the number
of the eigenvalues in EVP2 and EVP2a is always n, the dimension
of the matrix Z(s).

The A, of EVPI shall be called the system eigenvalues,and 1 (s)
of EVP2 called the impedance eigenvalues. Without loss of gener-
ality assume that the system eigenvalues are distinct. (Repeated
eigenvalues are discussed in Appendix A.) It is easy to see from
Eqgs. (10) and (12) that as s approaches an eigenvalue of EVP1, for
example, A;, at least and at most one eigenvalue of EVP2 vanishes;
thatis,det[Z(A;) — n!]=0has one and only one zero root. Denote
this eigenvalueand the correspondingeigenvectorsby 1, (s), ¢, (s),
and v, (s), respectively. It is easy to show the following properties:

ui(A) =0, b, (M) =y, P () = », (142)

and

wiOu) #0,  for  j=2...n (14b)

where u; and v, are the eigenvectors of EVP1 and EVPla corre-
sponding to A. The 1, (s) shall be called the root locus originating
from the eigenvalue A;.

Transfer Function Residues

The system eigenvalues A, in most engineeringapplicationsform
a countable set. According to the residue theorem,'® Green’s func-
tion is expressed by

H(t)=)_ & res [H(s)] (15)

k=1

where the residue of the transfer function at the pole X, is given by
res [H(s)] = lim (s — A0 H (s) (16)
=Xk 5= Ak

Although the formula (16) is well known, it is rather theoretical
and is limited to simple problems. The transfer functions of many
complex systems can only be determined numerically through ma-
trix inversion, i.e., H(s) = Z~!(s). Because of the singularities of
the transfer function at its poles, accurate evaluation of the transfer
function residues by Eq. (16) is very difficult. In this subsection,
the transfer function residues are evaluated by a new approach that
avoids matrix inversion and transfer function singularities.

Claim 1. For s in a small neighborhood of %, in the complex
plane, the transfer function of the dynamic system (1) is of the form

A 1
AG)= —
A

where 1 (s), ¢, (s), and 1, (s) are defined in Eq. (12), and R, (s) is
an n X n complex matrix being finite and analytic at ;.

Proof. See Appendix B.

Claim 1 indicates that the singularity of the system transfer func-
tionaround A, is completely determinedby 1 (5), ¢, (s),and 1), (s).

Claim 2. The transfer function residue at A; is given by

1 ()P{ () + R.(s) (A7)

res [I:I(s)] = — ukv,{ (18)
5= Ak OV, Ui

where o, =du,(s)/ds|,_,,,which is the sensitivity coefficient of
the root locus 11 (s) at A.
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Proof. When s is near A;, the root locus by Taylor expansion is

e+ O = ore + O

s=Xik

d
i1 + &) = pni(Ag) + EMI(S)

where ¢ =s — A; and Eqgs. (14a) have been used. By Claim 1, the
transfer function becomes

N 1
H =
O = e T 0@ 08 )

G (Y] (5) + Ry (s)

Substituting the preceding equation into Eq. (16) and letting & go to
zero yields Eq. (18). ]
Theorem 1. The transfer function residue at A, is given by

. 1
A(s)] = ———u0" 1
Jes L)) 0 Z Gy < (19)

where Z'(s) = dZ(s)/ds.
Proof. Differentiating Eq. (12a) with respect to s and premulti-
plying the resulting equation by 1#{ (s) gives

YL Z' ()1 (5) + [Z($)P ()] @) (5)
= W ()P] (), (5) + 11 ($)P{ ()] (5)

where the prime stands for d/ds. By Eqs. (10a) and (14), as s — A,
the preceding equation reduces to

d vIZ' ()u
o=—mls)| =t (20)
ds s= ik Vv, Uy
which, by Claim 2, yields Eq. (19). O
The derivative Z'(s) in Eq. (19) can be easily computed without
involving any transfer function singularities or matrix inversion:

Z'(s) =25A, + A, + (E, — TyEy — sT,E,)e” ™ 21)

Theorem 1 relates the transfer function residues to the system
eigensolutions, which, as shall be seen, provides a new approach to
closed-form transient analysis. Although the theorem does not ad-
vance any solutiontechniquefor the eigenvalueproblems EVP1 and
EVP1a, many efficient numerical schemes are available for estima-
tion of systemeigensolutions.Hence, with the residue-eigensolutian
relation, Eq. (19), accurate evaluation of the transfer function resi-
dues is achievable.

Note that the derivation of the root locus sensitivity coefficient
given in Eq. (20) is totally different from a sensitivity analysis in
structural dynamics. The latter considers the variation of the system
eigenvalue A, (p) due to the change of a physical parameter p, e.g.,
inertia, damping, or stiffness; the former examines the trajectory of
the impedanceeigenvalue i, (s) vs the complex parameters. Unlike
Ae(p) and p, here 1) (s) and s have no specific physical meaning.

Closed-Form Modal Expansion
Combining Theorem 1 and Green’s function formula (8), one
immediately arrives at the following modal expansion theorem:
Theorem 2. Green'’s functionand transientresponse of the delayed
structural system (1) are expressed by the closed-form modal series

oo 1
H(t) = M ————— 7 (22)
Z; vIZ Ot
and
> qr (1)
) = —  u (23)
Y Z;%Z@Umk

where Ay, u;, and v, are the eigensolutionsof EVP1 and EVP1a and
Z'() by Eq. 1) is

Z'() =20 A0 + A+ (E) — TyEg — MT,E e ™ (24)

and the time-dependent coefficients g, (¢) are

t
() = / eI f (1) d + vl (Ayag + Ayby + M Asag)
0

(25)

In the preceding modal expansion, no orthogonality relations
among system eigenvectors have been used. In other words, the
ZPM-based modal expansion does not need to decouple the orig-
inal equation of motion. In addition, g, (¢) are given by exact and
explicit quadrature.

This result is not available either in standard inverse Laplace
transform technique or in a conventional modal analysis. It is the
residue-eigensoluti relation (19) that links the two methods such
that the closed-form modal series solution is obtained.

As a special example, when the time delay is zero, the system has
2n eigenvalues and Eq. (23) reduces to

2n

qi (1)
) = u
o ;v[{ZAkAz—i—Al Egu

which is equivalent to the result obtained by using biorthogonal
eigenvectors.!” The difference is that the ZPM does not need any
orthogonality relations.

IV. Example

The proposed ZPM is illustrated on a gyroscopic system under
delayed velocity feedback control. In Fig. 1, a mass m is connected
by four springs of identical stiffness k/2 to the frame oy, y, that
rotates with respect to the fixed frame O XY, with a constant speed
Q. A control force f.(t), proportional to the velocity of the mass
in the y, direction, is applied to the mass in the y, direction. The
governing equation of the system in the rotational coordinates is

m 0 d2+ 0 —-2Qm d+ k — mQ? 0
0 m]|de? 2Qm 0 dr 0 k—mQ?

)’1(0) _ ( pi(1) ) 2%
X(nm “\ L0+ p0 26)

where p, (t) and p, (t) are the external forces (not shown in Fig. 1)
and the control force is

d
fo) = —g. 0T @7

with g, being a control gain and 7, a nonnegative time delay con-
stant. According to Eq. (27), the controller transfer function is

G.(5) = f.(8)/31(5) = —gese ™

()

N

n(n)

Controller

o

7z

Fig.1 Schematic of the control system: OXY, fixed frame; oy, y,, rotat-
ing frame, of rotation speed Q with respect to OXY; and G (s), controller
transfer function.
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The impedance matrix of the controlled gyroscopic system is

p ms? +k —mQ? —2Qms ’8
() = 2Qms + g.se” 1 ms? +k —mQ? 28)

The characteristicequation of the control systemis det Z(s) =0, or
in an explicit form

4o — QD+ 20522 + pe ey =0 (29)

where o = /(k/m) and pu=g./(mQ). The explicit form (29) is
given for the purpose of presentation; it is not needed in numerical
simulation. The derivative of Z(s) is

2ms —ZQm:|

(30)
2Qm 4 g.(1 — Tys)e™"4* 2ms

Z'(s) = [

The parameters of the gyroscopic system are chosen as m =1,
k=100, Q =2, indicating that & = /(k/m) = 10. Three cases are
considered in the numerical simulation: case 1, no control, u = 0;
case 2, nondelayed velocity feedback control, T, =0 and ;= 1.0;
andcase 3, delayed velocity feedbackcontrol, T; = 57 /48 = 0.3272
and u=1.0. Here ©£=1.0 in cases 2 and 3 indicate that g.=
mQu=2.0.

In case 1, the gyroscopic system has four imaginary eigenvalues:
+j8 and £ 12. In case 2, the system eigenvalues are still imagi-
nary: +j7.65 and £ 12.55. In fact, for any gain 1 > 0, the system
eigenvalues in case 2 are always imaginary. This implies that the
nondelayed velocity feedback does not stabilize the gyroscopicsys-
tem, due to dislocation of the sensor and actuator.

In case 3, the first 12 pairs of eigenvalues of the controlled gyro-
scopic system are computed by using MATLAB software and are
listed in Table 1. The first two pairs of eigenvalues are related the
two modes of vibration of the gyroscopic system, whereas the re-
maining 10 are among the infinite number of eigenvalues induced
by the time delay. It can be shown that, for 0 < pu < 1.98, all of the
eigenvalues A; of the controlled gyroscopic system have negative
real part and that Re(A; ;1) < Re(Ax) < Ofork=1,2,.... The
first four eigenvalueloci s; (1) of the control system vs the gain pa-
rameter p are plottedin Fig. 2, where s, and s, are related to the two
modes of vibration, whereas s; and s, are induced by the time delay.

The free response of the gyroscopic system under the initial con-
ditionsy, (0) =0, y,(0) = —0.4, y,(0) =0, and y,(0) =0 are shown
in Figs. 3-5 for the cases 1-3, respectively.In case 3, the first eight
modes, i.e., the first eight pairs of eigenvalues, are used in compu-
tation. Figure 5 shows that the time delay helps stabilize the system
response.

To verify the convergence of the ZPM, the displacementy, () in
case 3 is plotted in Fig. 6 for three models: n =2, 3, and 4, where
n is the number of pairs of eigenvalues used in computation. For
t > 0.3, all three models are in good agreement. However, when ¢ is
small, deviationsamong the models become obvious, and the largest
deviation occurs at = 0. For n =2, which only models the two vi-
bration modes of the gyroscopic system, the computed response
does not satisfy the initial conditiony, (0) = —0.4. This means that
the contributions of those time-delay-induced modes can be signif-
icant at earlier times and must be included for accurate estimation.

Table 1 Eigenvalues of the gyroscopic system
under the delayed velocity feedback (J = ,/—1)

Mode number k Ak

—0.2336 £ J8.4625
—0.5036+J11.394
—11.043£7J12.563
—15.7324+ 735523
—18.363 £ J55.534
—20.165+ J75.144
—21.545£ J94.602
—22.665+£J113.98
—23.610£ J133.32
10 —24.426 £ J152.62
11 —25.146 £ J171.91
12 —25.789+£ J191.18
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Fig. 2 Eigenvalue loci s;(p) of the gyroscopic system under delayed
velocity feedback: O, open-loop zero, and X, open-loop pole.
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Fig.3 Free response of the gyroscopic system without control (case 1):
’yl(t)’ and - - - " yZ(t)-

0.4 = T T

Zzan

03}
02}]

0.1

&

Fig. 4 Free response of the gyroscopic system under nondelayed ve-
locity feedback (case 2): ——, y(¢), and - - - -, y(¢).

As n increases, the error dramatically decreases, as justified by the
curvesof n =3 and 4. For n = 4, the simulated response has an error
0f 0.5% at t = 0. The model used to generate Fig. 5 has eight modes
(n =8), with an error of 0.035% at t =0.

The efficiency of the proposed method is demonstrated in Fig. 7,
where the displacement y;(¢) of case 3 is obtained by the ZPM
and a finite difference algorithm given in Appendix C. The ZPM
model consists of eight modes (n =8), which has been shown to
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Fig. 5 Free response of the gyroscopic system under delayed velocity
feedback (case 3): ——, y1(?), and - - - -, y2(#).
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Fig. 6 Convergence of the ZPM-based prediction (case 3): n, number
of modes (pairs of eigenvalues) used in simulation.
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0.1
n@

t

Fig. 7 Free response of the gyroscopic system under delayed velocity
feedback (case 3): ——, ZPM (n = 8), and - - - -, finite difference method;
a, At=7/240;b, At=7/960; and ¢, At = 7/3840.

be accurate. The finite difference solution converges to the ZPM
solution as the time step At shrinks. However, the errors in the
finite difference iteration accumulate as time passes, yielding an in-
creaseddeviationbetweenthe finite differencesolutionand the ZPM
solution. The finite difference method demands substantial compu-
tational efforts: a very small time step At =7 /3840=8.18 x 10~*
(more than 1200 points within unit time) gives only relatively fine
results (curvec in Fig. 7); atime step At = 7 /960 =0.00327, which
is still small, yields unacceptable results (curve b). And this is just
for a 2-DOF system. On the other hand, the ZPM-based analysis
needs only to evaluate an eight-term truncated modal series from

0.06 T T T T

0.04 -

0.02

3

Fig.8 Forced response of the gyroscopic system under delayed velocity
feedback (case 3): ——, y1(?), and - - - -, y2(?).
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pALe)

Fig.9 Trajectory of the gyroscopic system under delayed velocity feed-
back in the rotating frame oy,y,, 0 <¢<50.
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Fig.10 Trajectory of the uncontrolled gyroscopic system in the rotat-
ing frame oy1y;, 0<¢<50.

Eq. (23), which is simple, and does not requires simulationat a large
number of points in time.

Finally, determine the forced response of the gyroscopic system
under the external disturbance
sin7.999¢ for
0 for

p() =0

and zero initial disturbances. The excitation frequency is very close
to the first natural frequency of the uncontrolled gyroscopic system.

0<tr=<25

plm:{ 125
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The transientresponseof the gyroscopicsystemunderdelayed feed-
back control (case 3) is obtained by the ZPM with n = 8; see Fig. 8.
The trajectory of the lumped mass in the rotating frame oy,y, is
shown in Fig. 9 for 0 < r < 50. Because of the active damping
provided by the delayed feedback, the mass eventually settles at the
origin. For comparison, the trajectory of the uncontrolled lumped
mass (case 1) is given in Fig. 10, showing that the steady-state mo-
tion of the mass is periodic and nonzero.

V. Conclusions

The ZPM presented is capable of obtaining closed-form modal
series solutions for delayed structural systems, for which conven-
tional modal analyses fail. One important discovery is that the
transfer functionresidues of the delayed structural system are repre-
sentable by their eigensolutions. Because of this relation, orthogo-
nality among the system eigenvectorsis notrequiredin a ZPM-based
transientanalysis. The numerical example justifies the accuracy and
efficiency of the proposedmethod. Althoughonly lumped parameter
models of structural dynamic systems are examined, the proposed
ZPM can be extended to distributed parameter models governed by
partial differential equations.

Appendix A: Systems with Repeated Eigenvalues
If the structural system described by Eq. (1) has repeated eigen-
values, the associate and adjoint eigenvalue problems are defined as
follows:
EVP1:

Z (A u; = 0, J=12,...,m (A1)

EVPla:

ZT()»k)ij =0, J=12,...,m (A2)

where m; is the multiplicity of the eigenvalues 1. These repeated
eigenvalues in most engineering applications are related to the
modes of vibrationin the structural system, but not those induced by
the time delay. Hence, u;; and v,; are linearly independent eigen-
vectors describing different mode shapes. Following the proof of
Theorem 1, it can be shown that the transfer function residue at A,
is given by

R my 1
res [H(s)] = —u v’ (A3)
s=Ak j;crkj kT/ & kiVkj
where
v Z' ()it
oy = L0 J=1,2,...,my (Ad)

v]{jukj
Thus, by Eq. (15), Green’s function of the structural system is

mg 1

Hiy=) Y e —m————uv, (AS)

T
X =1 ijz/()“k)ukj

The system transient response can be similarly obtained by follow-
ing Egs. (23) and (25).

Appendix B: Proof of Claim 1
By Eq. (14), for s in a small neighborhood of A;, u(s) #
wu;i(s) for j=2,...,n, which implies that ¢1T(s)¢;j(s) =0 and
¢IT $)Yi(s)=0 for j=2,...,n. Note that among pu:(s),
n3(8), ..., 1, (s), there may be repeatedeigenvalues. The following
two equations hold true:

_ n1(s) Oixm-n
Z(S)®(S)—¢(S)[O(n_l)x1 To(s) } (B1)
¢T(S)¢’1(S) le(n—l)

Ui()des) =|"" B2
$®E) |: Ow-1x1 AR(S):| (B2)

where ® = [¢,:®x]€C"*" and W =[1p, W] € C"*", with Oy,
Wi e C"* =D consisting of the eigenvectors ¢; and v, j =2,

3,...,1,01 -1y and Oy, _ 1) x 1 are zero matrices with the dimen-
sions indicated by their subscripts; Jg(s) is a Jordan matrix asso-
ciated with the eigenvalues u;(s), j=2,3,...,n; and Ag(s) =
Wl (s)Dg(s). It follows that
! 0
z7's) = [ 0k]! ) i"—” d'(s) (B3)
O -1y x1 Jz (s)
and
! 0
— T < - x (n— . T
') =1 Wls)ps) V| [0 wk] (B4)
O(n—l)xl AEI(S)

Substituting Eq. (B4) into Eq. (B3) yields Eq. (17), with the matrix
R, (s) given by

R,(5) = @r(s) g ()AL () Wi () (B5)

Because of Eq. (14b), JR_I(S) is finite and analytic at A; and so is
R, ().

Appendix C: Finite Difference Solution
for the Example in Section IV

The controlled gyroscopic system by Egs. (26) and (27) is gov-
erned by

My@)+ Gy(t) + Ky@t) + Ey(@ — T;) = p(1) (C1)
where

y@) =y (1) y®], p()=[pit) p(O]"
|:m 0:| |: 0 —2§2m:|
M= ) G =
0 m 2Qm 0

k —mQ? 0 0 0
K = N El =
0 k — mQ? g 0

The derivativesin Eq. (C1) are approximated by

. 1
Y&) = ——=(yx — 2951 + yi-2)

(Ar)?
(C2)

where y, =y(#) and f, =kAt, k=1,2,...; the time step Af is
chosen such that At =T,/n, or T, =n,At, with n, being a pos-
itive integer. Substitute Eq. (C2) into Eq. (C1) to obtain the finite
difference solution algorithm

. 1
) ~ — — _
y(t) Y, e — ye-1),

Ye=Byi1+ By, ,+ Bd(yk—nd _Yk—n,f—l) + 4 (C3)

for k=1,2,..., where Bj=HQ2M + AtG), B,=—HM, B,=
—AtHE,, g, =(At)*Hp(1,), and H=[M + AtG + (A1)*K]"".
By Egs. (2), the initial conditions for the algorithm are

Yo = ao, y_1 =ay — Athy (C4)
The time delay related term in Eq. (C3)

k=1,2,...,n;—1
(C5)

Bd(yk—'ld_yk—nd—l) =0 for
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